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Abstract
We examine some of the subtleties inherent in formulating a theory of
spinors on a manifold with a smooth degenerate metric. We concentrate on
the case where the metric is singular on a hypersurface that partitions the
manifold into Lorentzian and Euclidean domains. We introduce the notion
of a complex spinor bration to make precise the meaning of continuity of
a spinor eld and give an expression for the components of a local spinor
connection that is valid in the absence of a frame of local orthonormal vec-
tors. These considerations enable one to construct a Dirac equation for the
discussion of the behavior of spinors in the vicinity of the metric degeneracy.
We conclude that the theory contains more freedom than the spacetime Dirac
theory and we discuss some of the implications of this for the continuity of
conserved currents.
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The interest in the influence of topology on physics is an old one. In recent times there
has also been considerable debate on the influence of the geometrical structure of spacetime
that may accompany a change in its overall topology. This has been partly motivated by
the implications of the semi-classical theory of quantum gravity and partly by the interest
in eld theories on background spacetimes with interesting topologies. Further motivation
arises from string theories in which string interactions arise from the topology of world sheets.
In all these approaches fundamental assumptions about the signature of the spacetime metric
are required. Such assumptions dictate the detailed behavior of both the causal structure
of the theory and the selection rules for topology change. In the context of classical theory
there are powerful constraints on the nature of such changes on manifolds with a global
Lorentzian signature and a spinor structure [?]. To escape such constraints a number of
authors have contemplated geometries in which the metric is allowed to become degenerate,
particularly on hypersurfaces that partition the manifold into Lorentzian and Euclidean
regions. Despite the obvious implications for causality there have been serious attempts to
follow the consequences for physics associated with signature changing metrics. Despite the
absence of a rigorous theory of second quantized elds on such a background, in [?] it was
suggested that a quantized scalar eld could exhibit spontaneous particle production even in
the absence of gravitational curvature. This result relied on certain natural linear boundary
conditions that were imposed on the scalar eld at the hypersurface of signature change.
Since there is no continuous orthonormal coframe in the presence of metric degeneracy and
the eld equations are themselves dependent on the metric one must rely on a prescribed
dierential structure in order to dene the necessary limits of the gradients of the scalar
eld in the vicinity of the metric degeneracy. In practice this means one can always rely
on a local coordinate coframe to eect one’s calculations. Furthermore the dierentiability
class of all tensor elds is dened with respect to the dierentiability of their components
in an arbitrary coordinate (co-)frame independent of any metric structure.
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Since matter in flat Lorentzian spacetime is also described in terms of various represen-
tations of the Lorentzian SPIN group it is natural to try and extend these considerations to
the behavior of spinor elds on manifolds with a degenerate metric. In particular one may
wish to formulate a dynamical theory of spinor elds and deduce from their eld equations
a class of natural boundary conditions at the hypersurface of signature change. However a
number of interesting problems then arise that have no counterpart in the theory of tensor
elds. The most obvious is that the dimensionality of the real irreducible SPIN representa-
tions is signature dependent so that it becomes meaningless to try and match spinor elds
belonging to representations with dierent dimensions. If one persists with the search for
matching conditions one must in general consider complex representations.
In a smooth local basis of spinor elds one can dene the dierentiability class of the
components of a spinor eld. Such a basis is a basis for a module carrying representations of
the SPIN group, which is a double cover of the SO(p; q) group associated with the signature
of the underlying metric on the manifold. Clearly this procedure will fail at the hypersurface
where the signature changes, since the SPIN groups dier across the hypersurface. In order
to dene continuous spinor elds on a neighborhood crossing the hypersurface, alternatives
to the traditional reliance on lifting orthonormal frames to spinor frames must be pursued.
Of necessity one must expect some arbitrariness in dening the notion of a continuous spinor
eld in the presence of signature change.
It is natural to subject local spinor elds to the appropriate Dirac equation in regions
where the metric is non-degenerate. In such regions the conventional Dirac operator can be
dened in terms of a spinor covariant derivative that is designed to satisfy the natural Leibniz
rules on products of tenors and spinors. In this manner it can be made compatible with
the natural linear connection on tensors. A unique Levi-Civita tensor covariant derivative
is determined completely by the metric tensor. When this metric is non-degenerate one
can exploit the existence of local orthonormal frames to uniquely x the spinor connection
that determines the spinor covariant derivative. It is important to stress that it is only
the existence of a class of orthonormal frames that is necessary to eect this determination,
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